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Macroscopic approach to N-qudit systems
C. Mun˜oz, I. Sainz, A.B. Klimov
Abstract
We develop a general scheme for an analysis of macroscopic qudit systems: a) introduce a set of
collective observables, which characterizes the macroscopic properties of qudits in an optimal way;
b) construct projected Q˜-functions for N qudit systems, containing full macroscopic information;
c) propose a collective tomographic protocol both for a general and symmetric N -qudit states. The
example of N -qutrit is analyzed in details and compared to N -qubit case.
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I. INTRODUCTION
Basic problems arising in the analysis of macroscopic quantum systems: a) optimization
of tomographic schemes in order to reduce the number of measurements [1], [2], [3]; b) pro-
cessing of available data so that a meaningful information about the state of the system can
be efficiently extracted [4]. Both of these tasks are rather complicated since the number of
parameters (the number of measurement outcomes) required for a complete characterization
of a multipartite quantum state grows exponentially with the number of particles. An intu-
itively appealing attempt to employ the statistical description of N -qudit (d-level) system,
by mapping qudits states into distributions in a finite-dimensional grid [5], [6],[7], results
inconvenient in the large N limit due to an overwhelming complexity of the resulting discrete
functions. Even in the simplest case of N -qubit system, the distributions corresponding to
relatively simple quantum states have rather complicated structure (usuall represented in
form of randomly located peaks [8]). In addition, the distributions in discrete phase-space
do not have natural macroscopic limits, i.e. they do not acquire smooth shapes in the limit
N ≫ 1, which makes very difficult to study their analytical porperties.
While ∼ d2N parameters are needed for a full microscopic description of a generic N
qudit state, the global properties can be captured by a significantly smaller number of
collective observables. These observables are invariant under particle permutations and
thus provide only partial information about the system. On the other hand, frequently only
this type of symmetric correlation functions can be efficiently assessed (e.g. due to particle
indistinguishability) in macroscopic quantum systems [9].
A quantum state characterization is strongly connected to the specific set of the measur-
able collective variables. In N qubit systems, the moments of the collective spin operators
Sx,y,z =
N∑
i=1
σ(i)x,y,z, (1)
provide the global information, allowing to access all SU(2) invariant subspaces appearing
in the tensor decomposition H⊗N2 (without distinguishing subspaces of the same dimension).
The results of such collective measurements can used for density matrix estimation [10].
From an analytical perspective, the macroscopic features of an N qubit system are com-
pletely described by the so-called projected Q˜ -function, defined in a three-dimensional dis-
crete space. This Q˜ -function contains full and non-redundant information about results of
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any collective measurement in an arbitrary (not necessarily symmetric) state [11], [12], and
allows to outline collective kinematic and dynamic properties in the limit of large number
of qubits.
The situation is more complicated for macroscopic systems containing a large number of
qudits. Although qudit systems seem to be useful in quantum information protocols [13],
only a limited number of experimental reconstructions of one- and bi-partite qudit systems
were reported [14] - [22]. Extension to multipartite qudit systems is quite challenging due
to a rapid growth of the number of required experimental setups [23], and the deficiency of
appropriate theoretical tools to deal with N ≫ 1 qudit systems. In addition, in this case
(in contrast to qubit systems) there are several ways to choose a basis set of symmetric (per-
mutationally invariant) operators, while only some specific sets are convenient for studying
macroscopic properties of large number of qudits.
In the present paper we develop a general framework for the analysis of global char-
acteristics of multipartite qudit systems. We will: a) construct projected Q˜-functions for
N qudit systems, containing full macroscopic information; b) introduce a set of collective
observables, which characterizes macroscopic properties of qudits and compatible with the
phase-space description; c) propose two discrete collective tomographic protocols (for general
and symmetric N -qudit states) and provide an explicit (partial) reconstruction expression
for the N -qudit density matrix in terms of average values of correlation functions of ∼ Nd2−1
appropriate collective qudit operators. The example of N qutrits will be analyzed in details
and compared to N -qubit systems.
II. N QUDIT PROJECTED Q˜-FUNCTION
Let us consider N -qudit Hilbert space HdN = H⊗Nd , where d is a prime number, spanned
by the computational basis |λ〉 = |l1, ..., lN〉, li ∈ Zd. The standard unitary N -qudit opera-
tors are defined according to [6],[24]
Zα =
∑
λ
ωλα |λ〉 〈λ| , Xβ =
∑
λ
|λ+ β〉 〈λ| , (2)
where
α = (a1, ..., aN), β = (b1, ..., bN ), ai, bi = 0, ..., d− 1, (3)
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are d - strings with elements from Zd, αβ = a1b1 + ... + aNbN , ω = exp (2pii/d) sums and
multiplications are taken by mod d. The operators (2) are factorized into tensor products,
Zα =
N⊗
i=1
Zaii , Xβ =
N⊗
i=1
Xbii , (4)
of single qudit Pauli operators [25]
Zi =
d−1∑
l=0
ωl |l〉 〈l| , Xi =
d−1∑
l=0
|l + 1〉 〈l| , (5)
and satisfy the commutation relation
ZαXβ = ω
αβXβZα. (6)
Operators acting in N -qudit Hilbert space can be mapped into functions labeled by a pair
of N -tuples (α, β). Two mutually dual maps, known as discrete Q-symbols and P -symbols
[7], [8], [26], have the form
Qf (α, β) = Tr
(
∆ˆ(−1) (α, β) fˆ
)
, Pf (α, β) = Tr
(
∆ˆ(1) (α, β) fˆ
)
,(7)
Tr
(
∆ˆ(1)(α, β)∆ˆ(−1)(α′, β ′)
)
= δαα′δββ′, (8)
see (103) for the explicit form of the kernels ∆ˆ(±1). The first rank projectors
∆ˆ(−1) (α, β) = |α, β〉〈α, β|, (9)
|α, β〉 = ZαXβ |ξ〉 =
N⊗
i=1
|ai, bi〉, (10)
form an informationally complete set,∑
α,β
∆ˆ(−1) (α, β) = dN Iˆ . (11)
The fiducial state |ξ〉 in (10) is chosen in a product form,
|ξ〉 =
N⊗
i=1
|ξ〉i , (12)
in such a way that the single particle projectors on the states
|ai, bi〉 = Zaii Xbii |ξ〉i, (13)
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satisfy the symmetric informationally complete (SIC) POVM condition [27]
|〈ai, bi|a′i, b′i〉|2 =
1 + dδai,a′iδbi,b′i
1 + d
. (14)
An operator fˆ can be decomposed on the basis of ∆ˆ(±1) (α, β) as
fˆ =
∑
α,β
Qf (α, β) ∆ˆ
(1) (α, β) (15)
=
∑
α,β
Pf (α, β) ∆ˆ
(−1) (α, β) , (16)
so that the average values are computed according to〈
fˆ
〉
=
∑
α,β
Qρ (α, β)Pf (α, β) =
∑
α,β
Qf (α, β)Pρ (α, β) . (17)
It follows from (9) and (12) that
P∆ˆ(±1) (α, β)P† =∆ˆ(±1) (piα, piβ) (18)
where P is the permutation operator and piα is a permutation of the string α corresponding
to P.
Then, P and Q - symbols of permutationally invariant operators, sˆ = P sˆP†, are sym-
metric functions of their arguments, and thus depend only on the corresponding weights
h (α, β) [28] (see also Appendix A)
Ps (α, β) = Tr
(
∆ˆ(1)(α, β)sˆ
)
≡ Ps (h (α, β)) . (19)
The weights h (α), being invariant under permutations characteristics of d-strings (3),
h (α) = h (piα), are defined according to
h (α) =
N∑
i=1
ai =
∑
k∈Zd
k
N∑
i=1
δai,k, 0 ≤ h(α) ≤ (d− 1)N, (20)
and can be arranged in a vector
h (α, β)={h(kα+ lβ); k, l ∈ Zd}. (21)
The d2−1 components of the vector h (α, β) form a basis in the space of symmetric functions
constructed on (α, β).
For instance, in case of qubits the three-dimesional h - vector has the form
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h (α, β) = {h(α), h(β), h(α+ β)}, (22)
while for qutrits h - vector is eight-dimensional,
h (α, β) = {h(α), h (2α) , h(β), h(2β), h(α+ β), h(2α+ 2β), h(2α+ β), h(α+ 2β)}. (23)
The points of two-dimensional grid (α,β) can be partially ordered according to the values
of the weights (21) and an arbitrary function constructed on (α, β) satisfy the following
summation rule ∑
α,β
f (α, β) =
∑
m
∑
α,β
δh(α,β),mf (α, β) , (24)
where the components of the vector m take values from 0 to (d− 1)N .
Taking into account (19) and the summation rule (24) we observe that the average value
of any permutationally invariant operator in an arbitrary (not necessarily symmetric) state
is computed according to
〈sˆ〉 =
∑
α,β
Ps(α, β)Qρ(α, β) =
∑
m
Ps (m) Q˜ρ (m) , (25)
where
Q˜ρ (m) =
∑
α,β
Qρ (α, β) δh(α,β),m = Tr(∆ˆ
(−1)(m)ρˆ). (26)
∆ˆ(±1)(m) =
∑
α,β
∆ˆ(±1) (α, β) δh(α,β),m. (27)
For symmetric states, P ρˆsP† = ρˆs, where Qρs(α, β) ≡ Qρs(h (α, β)), one has
Q˜ρs (m) = Qρs(h (α, β))R
(d)
m , (28)
R(d)m =
∑
α,β
δh(α,β),m =
∑
α,β
d−1∏
k,l=0
{k,l}6={0,0}
d−1
h(kα
δh(kα+lβ),mkl, (29)
where R
(d)
m is the multiplicity of each particular set
m = {mkl = h(kα + lβ), 0 ≤ mkl ≤ (d− 1)N, k, l = 0, ..., d− 1}. (30)
i.e. is the number of pairs (α, β) of d-strings characterized by the same vector m = {mkl =
h(kα + lβ), k, l = 0, ..., d− 1}.
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It follows from (25) that the Q˜ρ (m)-function contains complete and non-redundant in-
formation about all macroscopic properties of the state ρˆ and can be considered as a discrete
distribution in d2−1 dimensional macroscopic measurement spaceM spanned by the vectors
(30). The total number of multiplets {m = h (α, β)} (points in M) is
NM = (N + d
2 − 1)!
(d2 − 1)!N ! , (31)
which is the amount of collective measurements fully determining the Q˜ρ (m) - function.
In other words, the global variables “see” an N -qudit state in form of Q˜ρ (m) distribution
in M. In the N -qubit case, the Q˜-function has been extensively studied in [11], [12] and
applied to the analysis of pure state thermalization effect and quantum phase transitions
[29].
In the macroscopic limit N ≫ d,
NM ∼ Nd2−1/
(
d2 − 1)!, (32)
which is significantly smaller than the number of points in the full discrete phase-space
∼ d2N . In practice, distributions corresponding to physically relevant macroscopic states
tend to smooth shapes located in certain areas of the measurement space M, as it was
observed in qubit case [11], [12], and shown in the following examples.
Examples.
1. For the fiducial state (12) - (14) one can easily obtain
Q˜
(d)
ξ (m) = (d+ 1)
− 2
d2(d−1)
∑
k,lmkl R(d)m , (33)
which is a localized distribution (of size ∼ √N) in theM - space, which tends to the Gaus-
sian shape for N ≫ d, for instance (see Appendix C). For instance, in N-qubit case Q˜ξ (m)
is a single ”spherically symmetric” Gaussian function centered at m0= (3N/8, 3N/8, 3N/8),
Q˜
(2)
ξ (m) ∼ exp(−2
[
(m01 − 3N8 )2 + (m01 − 3N8 )2 + (m11 − 3N8 )2
]
N
, (34)
while in N-qutri case Q˜ξ (m) takes a form of a ”squeezed” Gaussian, which can be compactly
represented as follows
, (35)
Q˜
(3)
ξ (m) ∼ exp(−
1∑
i=0
i+1∑
j=0
[
(mij − 8N9 )2 + (m2i2j − 8N9 )2 − (mij − 8N9 )(m2i2j − 8N9 )
]
N
). (36)
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2. For the GHZ-like N -qudit state
|GHZ〉 = 1√
d
d−1∑
l=0
|l...l〉 . (37)
one obtains by using (10) for the discrete Q-function (7) the following explicitly invariant
under particle permutations expression
Q (α, β) = |〈GHZ|α, β〉|2 = 1
d
∣∣∣∣∣
d−1∑
l=0
ωl
∑
i ai
N∏
i=1
c
(i)
l−bi
∣∣∣∣∣
2
, (38)
where ai, bi are components of the d−string (3) and c(i)l are the expansion coefficients of the
i-th particle fiducial state in the computational basis,
|ξ〉i =
d−1∑
l=0
c
(i)
l |l〉i , (39)
so that
|ξ〉 =
∑
λ
cλ |λ〉 , |λ〉 = |l1, .., lN〉 , cλ =
N∏
i=1
c
(i)
li
, (40)
Thus, according to (28), we arrive at
Q˜
(d)
GHZ (m) =
1
d
∣∣∣∣∣
d−1∑
l=0
ωml0
N∏
i=1
c
(i)
l−bi
∣∣∣∣∣
2
R(d)m , (41)
where the product
∏N
i=1 c
(i)
l−bi
is a function of m0l, l = 1, 2, .., d− 1 only.
For qubits, d = 2, and the SIC POVM generating fiducial state
|ξ〉i =
|0〉i + ζ |1〉i√
1 + |ζ |2 , ζ =
√
3− 1√
2
eipi/4, (42)
the expression (41) is reduced to
Q˜
(2)
GHZ (m) =
1
2
(
1 + |ζ |2)N
∣∣ζm01 + (−1)m10 ζN−m01∣∣2R(2)m , (43)
where R
(2)
m is given in (122). The distribution Q˜
(2)
GHZ (m) has a form of two separated
by a distance ∼ N along the axis m01 discrete clouds, each of size ∼
√
N [11], [12] in
three-dimensional measurement space. Each cloud acquires a Gaussian shape centered at
m01 = N(1± 1/
√
3)/2 in the limit N ≫ 1. In Fig.1 we plot the projection of Q˜(2)GHZ (m) on
the axis m01. there are two maximums at m01 = N(1 ± 1/
√
3)/2
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FIG. 1: Projection of Q˜
(2)
GHZ (m) on the axis m01.
For qutrits, d = 3, one obtains
Q˜
(3)
GHZ (m) =
1
2N3
∣∣∣2m02/3−m01/6δm0,1,2m02 + 2m01/3−m02/6 (−ω)m01−N δ2m01,m02
+2N/2−m01/6−m02/6 (−ω)m01−m20 δ3N,m01+m02
∣∣2R(3)m , (44)
where the fiducial state is chosen as
|ξ〉i =
1√
2
(|0〉i + eipi/3|1〉i) , (45)
and R
(3)
m is given in (124). As it can be appreciated from the above expression,
Q˜
(3)
GHZ (m) is a superposition of three localized clusters, each tending to a Gaussian form
centered at in the plane (m01, m02) of eight-dimensional M - space at (m01, m02) =
(N,N/2) , (N/2, N) , (3N/2, 3N/2).
In qubit case Q˜ρ (m) can be plotted as density distributions in a three-dimensional space.
For higher dimensions Q˜ρ (m) can be represented only in form of projections into hyper-
planes in the full M - space. Nevertheless, the analytical properties of the Q˜-functions are
very useful for analysis of the global properties of macroscopic systems, as it will be shown
below.
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FIG. 2: Projection of Q˜
(3)
GHZ (m) on the plane m01 −m02.
A. Collective operators
Let us introduce the following set of collective (invariant under particle permutations) Her-
mitian operators for an N -qudit system
Oˆk,l = NIˆ − 2
(d− 1) dN
∑
α,β
h (kα + lβ) |α, β〉 〈α, β| , k, l = 0, ..., d− 1. (46)
Their P -symbols (7) are proportional to the corresponding weights:
POˆkl =
1
dN
[
N − 2
d− 1h (kα + lβ)
]
, (47)
which allows to associate the axes in the measurement spaceM with the collective operators
(46). This can be very helpful for determination of measurements required for a detection
of quantum states. For instance, the main features of the qutrit GHZ-like state (38) can be
recognized by measuring Oˆ0,1 and Oˆ0,2 operators and their moments, see Fig.2.
It is proven in Appendix B that the operators (46) are split into d + 1 disjoint sets of d
commuting operators:
{Oˆλk,λl, λ = 1, ..., d− 1}, {Oˆ0,l}, {Oˆk,0}, k, l = 1, ..., d− 1, (48)
where
[Oˆλk,λl, Oˆk,l] = 0, [Oˆ0,l, Oˆ0,l′] = 0, [Oˆk,0, Oˆk′,0] = 0, (49)
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and
tr
(
Oˆk,lOˆk′,l′
)
= 0, k′l 6= kl′. (50)
The collective observables (46) can be represented in form of a direct product of single-
particle operators
Oˆk,l =
N∑
i=1
Iˆ ⊗ ...⊗ Oˆ(i)k,l ⊗ ...⊗ Iˆ, (51)
Oˆ
(i)
k,l = Iˆ
(i) − 2
d (d− 1)
d−1∑
ai,bi=0
{kai + lbi} |ai, bi〉 〈ai, bi| , (52)
where |ai, bi〉 are the states (13) and the operations in {·} are taken mod d. The operators
(52) are normalized according to
TrOˆ
(i)
k,l = 0, T r
([
Oˆ
(i)
k,l
]2)
=
d
3 (d− 1) , (53)
and form a basis of the su(d) algebra similar to that introduced in [30]. The explicit form
of the matrix elements of the operators Oˆ
(i)
k,l in the computational basis is given in Appendix
B, Eqs. (111)-(112).
Taking into account (13) one obtains that d − 1 operators Oˆ(i)0,l are diagonal in the log-
ical basis (see Appendix B). The elements of the commuting sets containing non-diagonal
operators Oˆ
(i)
k,l, k 6= 0, are convenient to label as Oˆ(i)λ,λm, which matrix elements in the com-
putational basis are given in Appendix B. The commuting sets {Oˆλ,λm, [Oˆλ,λm, Oˆλ,λm′] = 0,
m,m′ = 0, ..., d − 1} are obtained from the diagonal set {Oˆ0,l} by SU(d) transformations,
and thus can be efficiently measured.
Examples
1. Qubits, d = 2. The fiducial state (42) leads to the natural representation
Oˆ
(i)
0,1 =
1√
3
σ(i)z , Oˆ
(i)
1,0 =
1√
3
σ(i)x , Oˆ
(i)
1,1 =
1√
3
σ(i)y , (54)
so that the operators (46) coincide up to a constant factor with the spin collective operators
(1).
2. Qutrits, d = 3. Taking the fiducial state (45) we obtain the following four commutative
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sets of cyclic (up to a constant) operators, Oˆ
(i)
k,l = 4
(
Oˆ
(i)
k,l
)3
, (compare to [30])
Oˆ
(i)
0,1 =
1
2

0 0 0
0 1 0
0 0 −1
 , Oˆ(i)0,2 = 12

1 0 0
0 0 0
0 0 −1
 , (55)
Oˆ
(i)
1,0 =
i
2
√
3

0 −1 1
1 0 −1
−1 1 0
 , Oˆ(i)2,0 = 12√3

0 e−ipi/6 eipi/6
eipi/6 0 e−ipi/6
e−ipi/6 eipi/6 0
 , (56)
Oˆ
(i)
1,1 =
1
2
√
3

0 −i e−i5pi/6
i 0 eipi/6
ei5pi/6 e−ipi/6 0
 , Oˆ(i)2,2 = 12√3

0 e−ipi/6 ei5pi/6
eipi/6 0 i
e−i5pi/6 −i 0
 , (57)
Oˆ
(i)
2,1 =
1
2
√
3

0 e−ipi/6 −i
eipi/6 0 e−i5pi/6
i ei5pi/6 0
 , Oˆ(i)1,2 = 12√3

0 −i e−ipi/6
i 0 ei5pi/6
eipi/6 e−i5pi/6 0
 . (58)
The sets (56) - (58) can be obtained form the set (55) by SU(3) rotations.
III. COLLECTIVE TOMOGRAPHY
By a direct substitution one can prove that the symmetrized operators (27) form a bi-
orthogonal set
Tr
[
∆ˆ(1) (m) ∆ˆ(−1) (m′)
]
= R(d)m δm,m′. (59)
This suggests to approximate the density matrix by “inverting” Eq. (26) in the form similar
to Eq.(15)
ρˆ ≈ ρˆrec =
∑
m
Q˜ρ (m)
(
R(d)m
)−1
∆ˆ(1) (m) . (60)
The above equation is a formal expression for the state reconstruction by using the results
of all possible collective measurements stored in Q˜ρ (m). The “tomographic representation”
(60) is incomplete since the map (26) is not faithful. In other words, Eq.(60) should be
considered as a form of arranging the information obtained from ∼ Nd2−1 collective mea-
surements (corresponding to the total number of multiplets {m}) in a dN × dN matrix.
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Equation (60) can be explicitly rewritten in terms of average values of symmetrized
monomials (2) as follows
ρˆrec = d
−N
∑
m
(
R(d)m
)−1 〈
Dˆm
〉
Dˆ†m, (61)
Dˆm =
∑
α,β
δh(α,β),mZαXβ,
〈
Dˆm
〉
= Tr
(
ρˆDˆm
)
, (62)
which is a generalization of results obtained in [31]. The operators (62) can be always
expressed in terms of polynomials of the collective operators (46)
Dˆm =
∑
p
c(m)
p
∏
k,l
O
pk,l
k,l ,
∑
k,l
pk,l ≤
∑
k,l
mkl, (63)
(see Appendix D), and thus, accessed from Von Neumann measurements.
Since any state obtained from ρˆ by particle permutations, P ρˆP†, leads to the same ρˆrec,
the density matrix reconstructed according to Eq.(61) is related to the original one by the
full symmetrization,
ρˆrec =
1
N !
∑
P
P ρˆP†. (64)
Thus, the reconstruction (61) is exact for permutationally invariant (symmetric) states. It
is straightforward to obtain a closed from expression for the reconstruction fidelity of a pure
state ρˆ = |ψ〉 〈ψ|,
F = Tr (ρˆρˆrec) = 1
N !
∑
P
|〈ψ| P |ψ〉|2 , (65)
which reaches its minimum value
Fmin = 1
N !
, (66)
for states that become orthogonal under any particle permutation, e.g for N -qudit, d ≥ N ,
elements of the computational basis |λ〉 = |l1, ..., lN〉, with li 6= lj .
For mixed states the minimum value of the fidelity can be substantiality smaller then
given in Eq.(66). For instance, for 2 and 3 qubits one obtains Fmin=1/2 and Fmin=1/8
correspondingly; for 2 and 3 qutrits Fmin=1/9 and Fmin=1/27.
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A. Symmetric space reconstruction
In the particular case of fully symmetric states, the reconstruction expressions (60)-(61)
become exact and can be rewritten in an explicit form by projecting the expansion (15) into
the symmetric subspace.
Let us consider a symmetric density matrix, i.e. ρˆs = ΠˆsρˆsΠˆs, where Πˆs is the projection
operator on the symmetric subspace Hsym of N qudits
Πˆs =
∑
p
|p;N〉 〈p;N | , (67)
and permutationally invariant states
|p;N〉 = |p1, ...pd−1;N〉 , (68)
pj = 0, ..., N,
d−1∑
j=1
pj ≤ N, (69)
are elements of an orthonormal basis, 〈p′, N |p, N〉 = δp′,p, in dsym-dimensional Hilbert space
Hsym,
dsym =
(N + d− 1)!
(d− 1)!N ! . (70)
The states (68) are expanded in the computational basis according to
|p, N〉 = Np
∑
λ
d−1∏
i=1
δ
η
(λ)
i ,pi
|λ〉 , (71)
where
η
(λ)
i =
(−1)i+1
(d− 1− i)!i!
N∑
j=1
d−1∏
k=0
k 6=i
(k − lj), (72)
denotes the number of coefficients lj equal to i = 1, ..., d − 1 in the state |λ〉 = |l1, ..., lN〉,
and
Np =
√
p1!...pd−1!(N − p1 − ...− pd−1)!
N !
, (73)
is the normalization constant. It is easy to see that η
(λ)
i are symmetric functions of λ,
η
(λ)
i = ηi(h(λ)).
A density matrix ρˆs can be represented according to Eq. (15) as follows
ρˆs =
∑
α,β
tr
(
ρˆs∆ˆ
(−1)
s (α, β)
)
∆ˆ(1)s (α, β) , (74)
14
where ∆ˆ
(±1)
s (α, β) are the kernels (103) projected into the symmetric subspace,
∆ˆ(±1)s (α, β) = Πˆs∆ˆ
(±1) (α, β) Πˆs ≡ ∆ˆ(±1)s (h(α, β)) , (75)
acting in Hsym.
The first-rank projectors
∆ˆ(−1)s (h(α, β)) =
∣∣φh(α,β)〉 〈φh(α,β)∣∣ , (76)
where
∣∣φh(α,β)〉 = Πˆs |α, β〉 =∑
p
NpΥp(h (α, β)) |p, N〉 , (77)
Υp(h (α, β)) =
∑
λ
ωαλcλ−β
d−1∏
i=1
δ
η
(λ)
i ,pi
, (78)
being cµ the fiducial state expansion coefficients (40), define the measurement sets and satisfy
the completeness condition∑
m
Eˆ(d)m = Πˆs, Eˆ
(d)
m = d
−NR(d)m ∆ˆ
(−1)
s (h(α, β) = m) , (79)
where R
(d)
m is defined in (29) and Πˆs acts as an identity operator in Hsym. After a straight-
forward algebra one can show that the ∆ˆ
(1)
s - kernel (75) in the basis (68) acquires the form
〈t, N | ∆ˆ(1)s (m) |t′, N〉 =
∑
t,t′
NtNt′
[∑
q
g(d) (q,m) f (d)(q)Ct,t′(q)
]
, (80)
where
g(d) (q,m) =
∑
α,β
ωαδ−βγδh(α,β),mδh(γ,δ),q, (81)
Ct,t′(q) =
∑
γ,δ,λ
ωγλ
d−1∏
i=1
δ
η
(λ)
i ,ti
d−1∏
j=1
δ
η
(λ−δ)
j ,t
′
j
δh(γ,δ),q, (82)
are the special discrete functions (special functions of discrete variables) and the coefficient
f (d)(q) =
∑
γ,δ
(〈ξ|ZγXδ |ξ〉)−1 δh(γ,δ),q = R(d)q (〈ξ|ZγXδ |ξ〉)−1 |h(γ,δ)=q, (83)
can be always evaluated analytically, see (106).
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Finally, the explicit reconstruction expression in the symmetric subspace Hsym acquires
the form
ρˆs = d
N
∑
m
σm
(
R(d)m
)−1
∆ˆ(1)s (m) , (84)
where
σm = Tr
(
Eˆ(d)m ρˆs
)
,
∑
m
σm = 1, (85)
are measured probabilities. The total number of projections required in this protocol is given
by Eq.(31), while the density matrix of a fully symmetric state contains at most d2sym − 1
independent parameters. Such a redundancy occurs because the probabilities (85) are not
linearly independent and satisfy the following self-consistence conditions
σq = d
N
∑
m
σm
(
R(d)m
)−1 〈φq| ∆ˆ(1)s (m) |φq〉 . (86)
In order to estimate the accuracy of the reconstruction scheme (84) we numerically studied
the minimum square error (MSE) of the quadratic Hilbert-Schmidt distance between a real
state ρˆs and its estimate ρˆest according to the Cra´mer-Rao lower bound [32] for qubit and
qutrit states, see Appendix E.
1. In N-qubit case, d = 2, a single index (72) defines symmetric states,
η
(λ)
1 =
N∑
i=1
li = h (λ) . (87)
The elements of the basis in the symmetric subspaces are the well known Dicke states
[33]
|p1;N〉 = Np1
∑
λ
δh(λ),p1 |λ〉 , (88)
Np1 =
√
p1! (N − p1)!
N !
. (89)
The symmetrized discrete coherent states (77) are expanded in the Dicke basis as follows
∣∣φh(α,β)〉 = ∑
p1
Np1Υp1 (h (α, β)) |p1;N〉 , (90)
Υp1 (h (α, β)) =
(
1 + |ζ |2)−N/2∑
λ
(−1)αλζh(λ+β)δh(λ),p1. (91)
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where ζ is defined in Eq. (42). The functions (81) and (83) have the form
g(2) (q,m) =
∑
α,β
(−1)αδ+βγδh(α,β),mδh(γ,δ),q,
f (2)(q) = 3
q10+q01+q11
4 i
q11−q10−q01
2 R(2)q ,
where h (γ) = q10, h (δ) = q01, h (γ + δ) = q11 and
Ct,t′(q) =
∑
γ,δ,λ
(−1)γλ δh(λ),t1δh(λ−δ),t′1δh(γ),q10δh(δ),q01δh(γ+δ),q11 (92)
can be expressed in terms of 4F3 - functions.
We have numerically found that the MSE
√〈〈E2min〉〉, averaged over 200 pure and mixed
states, is inversely proportional to the square root of the number of trials M ,√
〈〈E2min〉〉 ≈
λ√
M
. (93)
In Fig. 3 we plot the proportionality constant λ for pure and mixed states for N = 1, ..., 6
qubits and compare with the values corresponding to the SIC POVM tomographic protocol
[27].
2. In N-qutrit case, d = 3, there are two indexes (72) that define qutrit symmetric space,
η
(λ)
1 =
N∑
i=1
li (2− li) = 2
3
[
h (2λ)− 1
2
h (λ)
]
= p1, (94)
η
(λ)
2 =
N∑
i=1
li (li − 1)
2
=
2
3
[
h (λ)− 1
2
h (2λ)
]
= p2, (95)
thus, the basis in the symmetric subspace has the form
|p1, p2;N〉 = Np1p2
∑
λ
δh(λ),p1+2p2δh(2λ),2p1+p2 |λ〉 , (96)
Np1p2 =
√
p1!p2!(N − p1 − p2)!
N !
. (97)
The symmetrized discrete coherent states (77) are
∣∣φh(α,β)〉 = ∑
p1,p2
Np1p2Υp1p2 (h (α, β)) |p1, p2;N〉 , (98)
Υp1p2 (h (α, β)) =
∑
λ
ωαλcλ−βδh(λ),p1+2p2δh(2λ),2p1+p2, (99)
17
FIG. 3: First two columns: the proportionality constant λ appearing in the minimum square error
(93) for pure (left column) and mixed (right column) states dsym = N + 1 for N = 1, ..., 6 qubits
corresponding to the reconstruction skill (84); Second two columns: the corresponding values of λ
for SIC tomographic protocol.
where ω = exp(2pii/3) and the cλ correspond to the fiducial state (45). The matrix element
in Eq.(83) is
(〈ξ|ZγXδ |ξ〉)−1 |h(γ,δ)=q = 2 19
∑
k,l qkl−Ne
ipi
9
(q21−q22+q12+5q11−9q01−3(q10−q02+q20)), (100)
where qkl = h(kγ + lδ) and
Ct1t2t′1t′2(q) =
∑
γ,δ,λ
ωγλδh(γ,δ),qδh(λ),t1+2t2δh(2λ),2t1+t2δh(λ−δ),t′1+2t′2δh(2λ−2δ),2t′1+t′2 . (101)
We have numerically found that for qutrits the minimum error
√〈〈E2min〉〉 also behaves
according to Eq. (93). In Fig. 4 we plot the constant λ for pure and mixed qutrit states,
N = 1, 2, 3.
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FIG. 4: First two columns: the proportionality constant λ appearing in the minimum square
error (93) for pure (left column) and mixed (right column) states dsym = (N + 1) (N + 2) /2
for N = 1, ..., 4 qubits corresponding to the reconstruction skill (84); Second two columns: the
corresponding values of λ for SIC tomographic protocol.
B. Conclusions
We have developed a general framework for the analysis of N -qudit systems in the macro-
scopic limit, which includes:
a) A scheme to organize the information obtained from collective measurements in form
of distributions functions in a discrete low-dimensional space spanned by the symmetric
functions (21). The analysis of these projected Q˜-functions provides a useful insight into
global properties of multipartite quantum states. It allows, for instance, to identify the
relevant set of collective measurements for a given state, which are not always obvious from
the state decomposition in the computational basis.
b) A set of collective operators appropriate for characterization of N -qudit states. The
algebraic properties (49)-(50) of these operators (46) allow their efficient measurements with
further applications to the collective tomography protocol (61);
c) Explicit expressions for the state reconstruction from collective measurements, both
19
in the whole dN -dimensional space (60), (61) and in the symmetric subspace (84). The
symmetric tomographic protocol based on projective measurements performed in POVM
(76) is characterized by a larger MSE than the optimal SIC reconstruction scheme for N-
qubit states. Nevertheless, for larger d - dimensions the relative difference between both
reconstruction methods becomes smaller. The advantage of the proposed method consists
in the possibility to generate the first rank collective POVM (76) for N qudit systems in a
systematic way for an arbitarary number of particles.
A deeper analysis of the projected N -qudit Q˜-function and their applications is in progress
and will be published elsewhere.
This work is partially supported by the Grant 254127 of CONACyT (Mexico).
we outline the general method for computing P -symbols of collective operators.
Consider a generic (non-Hermitian) collective operator
N∑
i=1
Zmi X
n
i = sˆmn, m, n ∈ Zd. (102)
Any other collective operator can be constructed from (102). Taking into account the explicit
form of the kernels (7)
∆ˆ(∓1) (α, β) =
1
d
1
2
(3±1)N
∑
γ,δ
ωαδ−βγ−
1
2
(1±1)γδ (〈ξ|Z∓γX∓δ |ξ〉)±1 ZγXδ, (103)
Tr∆ˆ(∓1) (α, β) = d
1
2
(1∓1)N ,
∑
α,β
∆ˆ(∓1) (α, β) = d
1
2
(1±1)N Iˆ , (104)
the P -function of (102) is represented as follows according to (7)
Pmn =
ωmn
dN
(〈ξ|Z−mX−n |ξ〉)−1 N∑
i=1
ωmbi−nai. (105)
Observe, that for the fiducial state of the form (12)-(14) the matrix element 〈ξ|ZγXδ |ξ〉 is
symmetric function of its argument,
〈ξ|ZγXδ |ξ〉 = 〈ξ|ZγXδ |ξ〉 |h(γ,δ)=p. (106)
The sum
∑
i ω
mbi−nai that appear in the above equation in can be rewritten as
N∑
i=1
ωmbi−nai =
N∑
i=1
[
1
(d− 1)!bi +
ωm
(d− 2)! (1− bi) +
ω2m
−2(d− 3)! (2− bi) + ...
]
(107)[
1
(d− 1)!ai +
ω−n
(d− 2)! (1− ai) +
ω−2n
−2(d− 3)! (2− ai) + ...
]
Πd−1k=0(k − bi) (k − ai) ,
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which is always reduced to the form
N∑
i=1
api b
q
i =
d−1∑
k,l=0
B
(p,q)
k,l h (kα + lβ) , (108)
where B
(p,q)
k,l are some coefficients. Thus, the P -function (105) is a function of the weights
(21).
Examples
a) Qubits, d = 2
The sum (107) takes the form, ω = −1
N∑
i=1
ωmbi−nai = N − 2δm,0δn,1h (α)− 4δm,1δn,0h (β)− 4δm,1δn,1h (α + β) , (109)
so that, for the fiducial state (42)
Pmn (α, β) =
√
3
2N
[N − 2 (h (α) δm,0δn,1 + h (β) δm,1δn,0 + h (α + β) δm,1δn,1)] . (110)
b) Qutrits, d = 3.
The sum (107) is significantly more complicated, ω = exp(2pii/3),
N∑
i=1
ωmbi−nai = N − [δm,0δn,1e−ipi/3 + δm,0δn,2eipi/3]h (α)− [δm,0δn,1eipi/3 + δm,0δn,2e−ipi/3]h (2α)
− [δm,1δn,0eipi/3 + δm,2δn,0e−ipi/3]h (β)− [δm,1δn,0e−ipi/3 + δm,2δn,0eipi/3]h (2β)
− [δm,1δn,2eipi/3 + δm,2δn,1e−ipi/3]h (α + β)− [δm,1δn,2e−ipi/3 + δm,2δn,1eipi/3]h (2α + 2β)
− [−δm,1δn,1eipi/3 + δm,2δn,2e−ipi/3]h (2α+ β)− [δm,1δn,1e−ipi/3 + δm,2δn,2eipi/3]h (α + 2β) .
The matrix elements of the operators (46) have the form
i〈p| Oˆ(i)0,l |q〉i = δp,q
[
1− 2
(d− 1)
d−1∑
r=0
{lr}
∣∣∣c(i)p−r∣∣∣2
]
, (111)
i 〈p| Oˆ(i)λ,λm |q〉i = δp,q −
2τq−p,λ
d (d− 1)
d−1∑
r=0
ω−mr(q−p)c
(i)
p−rc
(i)∗
q−r, (112)
where c
(i)
p are the expansion coefficients (39), and τq,λ =
∑d−1
r=0 rω
rqλ−1, λ,m = 0, ..., d−1.
The trace of two operators (46) has the form
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tr
(
Oˆk,lOˆk′,l′
)
= N2dN − 2N
(d− 1) dN
(∑
α,β
h (kα + lβ) +
∑
α,β
h (k′α + l′β)
)
+
4
(d− 1)2 d2N
1
dN + 1
( ∑
α,β,α′,β′
h (kα + lβ)h (k′α′ + l′β ′)−
∑
α,β
h (kα + lβ)h (k′α + l′β)
)
+
4
(d− 1)2 d2N
∑
α,β
h (kα + lβ) h (k′α+ l′β) ,
where we have used the SIC POVM condition (14).
Taking into account that
∑
µ
h (µ) =
N (d− 1) dN
2
, (113)
∑
α,β
h (kα + lβ) =
N (d− 1) d2N
2
(114)
we obtain
tr
(
Oˆk,lOˆk′,l′
)
= − N
2dN
dN + 1
+
4
dN (d− 1)2 (dN + 1)
∑
α,β
h (kα + lβ)h (k′α + l′β) . (115)
In case when k 6= λk′ and l 6= λl′, λ = 1, ..., d− 1 we can use new variables kα + lβ = µ,
λ(k′α+ l′β) = ν and sum over the new variables µ, ν so that the last sum in (115) is just a
square of (113) and thus
tr
(
Oˆk,lOˆk′,l′
)
= 0; (116)
if k = λk′ and l = λl′, then
tr
(
Oˆk,lOˆk′,l′
)
= − N
2dN
dN + 1
+
4
(d− 1)2 (dN + 1)
∑
µ
h (µ)h (λµ) . (117)
Taking into account the representation (15) and the form of the P-function (47)
Oˆk,l =
∑
α,β
1
dN
[
N − 2
d− 1h (kα+ lβ)
]
∆(−1) (α, β)
= NIˆ − 2
d2N (d− 1)
∑
γ,δ
ω−γδ
[∑
α,β
h (kα + lβ)ωαδ−βγ
]
〈ξ|Z−γX−δ |ξ〉ZγXδ
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we immediately observe that
[Oˆk,0, Oˆλk,0] = [Oˆ0,l, Oˆ0,λl] = 0. (118)
If k 6= 0, l 6= 0 for d > 2 then after a change of variables
α = (µ+ ν) (2k)−1 ,
β = (µ− ν) (2l)−1 ,
where (2k)−1 is understood as the inverse element in Zd, we represent Oˆk,l as
Oˆk,l = NIˆ − 2
dN (d− 1)
∑
γ
ωkl
−1γ2
[∑
µ
h (µ)ω−µγl
−1
]
〈ξ|Z−γXkl−1γ |ξ〉ZγX−k−1γl, (119)
so that
[
Oˆk,l, Oˆλk,λl
]
= 0. (120)
It is worth noting that the average values of the collective operators (46) in the states (77)
are proportional to the corresponding P -symbols (47)
〈
φh(α,β)=m
∣∣ Oˆk,l ∣∣φh(α,β)=m〉 = dN
d+ 1
POˆk,l. (121)
Here we present explicit expressions for R
(d)
q -functions for qubits and qutrits:
R(2)q =
N !(
q10+q01−q11
2
)
!
(
2N−q10−q01−q11
2
)
!
(
q10−q01+q11
2
)
!
(
q01+q11−q10
2
)
!
, (122)
0 ≤ qkl = h (kγ + lδ) ≤ N, (123)
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and
(R(3)q )
−1 =
1
N !
(
N − q10 + q20 + q01 + q02 + q11 + q22 + q21 + q12
9
)
!× (124)(
2q10 − q20 + 2q01 − q02 − q11 + 2q22 − q21 − q12
9
)
!×(
2q10 − q20 − q01 + 2q02 − q11 − q22 + 2q21 − q12
9
)
!×(
2q10 − q20 − q01 − q02 + 2q11 − q22 − q21 + 2q12
9
)
!×(−q10 + 2q20 + 2q01 − q02 − q11 − q22 − q21 + 2q12
9
)
!×(−q10 + 2q20 − q01 + 2q02 + 2q11 − q22 − q21 − q12
9
)
!×(−q10 + 2q20 − q01 − q02 − q11 + 2q22 + 2q21 − q12
9
)
!×(−q10 − q20 + 2q01 − q02 + 2q11 − q22 + 2q21 − q12
9
)
!×(−q10 − q20 − q01 + 2q02 − q11 + 2q22 − q21 + 2q12
9
)
!
0 ≤ qkl = h (kγ + lδ) ≤ N, (125)
In the limit N ≫ 1 the function R(d)q tends to a Gaussian form localized in the vicinity
of the point q0 =
d−1
2
(N, ..., N), for instance,
R(2)q10q01q11 ∼ exp(−2(q− q0)2/N), (126)
R(3)q ∼ exp(−
1∑
i=0
i+1∑
j=0
[(qij −N)2 + (q2i2j −N)2 − (qij −N)(q2i2j −N)]
N
). (127)
Any product of collective operators (46) can be directly expanded in the monomial basis
(4): ∏
k,l
O
pk,l
k,l =
∑
γ,δ
bh(γ,δ),pZγXδ. (128)
The required representation of the symmetrized monomials in terms of measurables operators
(46)
∑
µ,ν
ZµXνδh(µ,ν),m =
∑
p
C(m)
p
∏
k,l
O
pk,l
k,l ,
∑
k,l
pk,l ≤
∑
k,l
mkl, (129)
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is thus obtained by substituting (128) into (129) and comparing the coefficients of the same
basis elements. This leads to the following set of equations for the coefficients C
(m)
p
δh(µ,ν),m =
∑
p
C(m)
p
bh(µ,ν),p. (130)
In case of qubits, (128) adquires the following form for diagonal operators
∑
µ
Zµδh(µ),k =
k∑
p=0
C(k)p S
p
z . (131)
Taking into account that the collective spin operator in the computational basis has the
form
Sz =
∑
ν
(N − h (ν)) |ν〉 〈ν| , (132)
we arrive at the following expression for the coefficient b
bh(µ),p =
1
2N
∑
ν
(N − h (ν))p χ (µν) = 1
2N
N∑
m=0
(
N
m
)
(N −m)p g(2)(m), (133)
where
g(2)(m) =
∑
ν
(−1)µν δh(ν),m, (134)
is a discrete special function, which can be expressed in terms of P
(α,β)
n (z) Jacobi polyno-
mials. The system (130) takes the form
δh(µ),m =
∑
p≤m
C(k)p bh(µ),p, (135)
leading in particular to
∑
µ
Zµδh(µ),1 = Sˆz, (136)∑
µ
Zµδh(µ),2 = Sˆ
2
z −NIˆ. (137)
Similar calculations can be carried out for qutrits:
∑
µ
Zµδh(µ),m1δh(2µ),m2 =
∑
p1+p2≤m1+m2
C(m1,m2)p1,p2 Oˆ
p1
0,1Oˆ
p2
0,2, (138)
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where
Oˆp0,l =
∑
ν
(
N −
∑
ε
h (lε) |cν−ε|2
)p
|ν〉 〈ν| , (139)
being cν expansion coefficients (40) of the fiducial state in the computational basis.
Thus the coefficients b have the form
bh(µ),p1,p2 =
1
3N2p1+p2
∑
m1,m2
(m2 −m1)p1 (N −m1)p2 g(3)(m1, m2) (140)
g(3)(m1, m2) =
∑
ν
δh(ν),m1δh(2ν),m2ω
−µν , ω = exp(2pii/3), (141)
where we used the explicit expansion (45). The set of equations (130) to be inverted is now
δh(µ),m =
∑
p1+p2≤m1+m2
C(m1,m2)p1,p2 bh(µ),p1,p2. (142)
In particular, we find,
∑
µ
Zµδh(µ),1 = 2ωOˆ0,1 + 2Oˆ0,2, (143)
∑
µ
Zµδh(µ),2 = 4
(
ωOˆ0,1 + Oˆ0,2
)2
+ 2
(
ω2Oˆ0,1 + Oˆ0,2
)
. (144)
The performance of a reconstruction scheme can be measured by the statistical average
of the Hilbert-Schmidt distance between the real ρs and estimated ρ˜s states,
〈E2〉 = 〈Tr[(ρs − ρ˜s)2]〉, (145)
when only a finite number of copies (M) are involved in the measurement process [34].
The multinomial measurement statistics associated to the protocol (84)
P ∝
∏
p
σ˜npp ,
∑
p
np =M, (146)
allows to relate the estimated probabilities σ˜p with the corresponding frequencies np/M ,
according to
〈np〉 =Mσ˜p, 〈n2p〉 =Mσ˜p(1 + (M − 1)σ˜p), 〈npnq〉 =M(M − 1)σ˜pσ˜q. (147)
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Using the explicit reconstruction form (84) we obtain the square error in terms of the devi-
ation between probabilities σp and their estimates σ˜p,〈E2〉 =∑
p,q
Ap,q∆σp∆σq, (148)
where ∆σp = σp − σ˜p and
Ap,q = d2N
(
R(d)p R
(d)
q
)−1
Tr
(
∆ˆ(1)s (p) ∆ˆ
(1)
s (q)
)
. (149)
Taking into account the redundancy (86) and normalization (85) conditions we obtain the
square error in terms of the deviation between the independent probabilities σ′p and their
estimates σ˜′p 〈E2〉 = ∑
p′,q′
A′p′q′∆σp′∆σq′ , (150)
where the sum is taken only on the indexes p′,q′ labeling the independent probabilities; the
coefficients A′p′q′ are not explicitly given here due to of their cumbersome form.
The minimum square error (MSE) is given by the Crame´r-Rao bound [32],〈E2〉 ≥ Tr(A′F−1), (151)
were A′ is (d2sym − 1) × (d2sym − 1) matrix with the elements A′p′q′ , while F is the Fisher
matrix for the independent probabilities,
Fp′q′ =
〈
∂ lnP
∂σ′p′
∂ lnP
∂σ′q′
〉
. (152)
To estimate the average minimum square error we numerically compute the statistical mean
value over the symmetric states,√
〈〈E2min〉〉 =
√
〈Tr(A′F−1)〉. (153)
.
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